An Extended Kalman Filter (EKF) fusion algorithm has been developed for estimating the aerodynamic angles in a Mini Aerial Vehicle (MAV). The knowledge on the aerodynamic angles would be helpful in designing control laws during the high angle of attack flights. This involves an algorithm that computes pseudo measurements of Angle of Attack (AOA) and Side Slip Angle (SSA) which are fused with typical sensor data for the estimation of aerodynamic angles. The current work focuses on testing the robustness of the estimation algorithm to uncertain aircraft parameters inherited from the manufacturing errors, assembly errors and also from prolonged usage of the aircraft. For this purpose, a Monte Carlo simulation has been carried out using number of randomly generated aircraft parameters in the flight simulation program, and the true states of the aircraft are generated. With few of these true states, a zero mean white Gaussian noise is added and the sensor data has been simulated. Using the simulated sensor data, the aerodynamic angles are estimated. It should be noted that the estimation algorithm has been provided with correct aircraft parameters, whereas the flight simulation has been carried out with randomly generated aircraft parameters. This paper brings out the robustness of the estimation algorithm to changes in the aircraft parameters propagated from manufacturing / assembly errors.
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INTRODUCTION
Flying an aircraft in high angle of attack attitude becomes possible with Low Aspect Ratio (LAR) wings as they do not stall sharply. For a LAR wing, lift remains constant or keeps increasing up to 50°o f AOA. Aerodynamic angles are critical quantities in flying an aircraft at high angle of attack region. They play an important role in controlling the aircraft in this region. Designing control laws for such high AOA flight condition becomes possible if good estimates of AOA and SSA are available. Also, aerodynamic angles are not directly measured in MAVs due to weight constraint. Further, the sensors used in MAVs are of low cost and low accuracy, and they provide noisy information [1, 2] . The application of low accuracy sensors makes state estimation challenging and also the sensor suite does not include units that measure AOA and SSA. Estimation of AOA and SSA is the first step towards designing any control law using the aerodynamic angles as feedback parameters. Thus it is crucial to have a good estimate when it comes to their use in the feedback loop [3] . Authors Marcel Oosteram and Robert Babuska propose a virtual AOA sensor and uses nonlinear Takagi-Sugeno fuzzy model [4] . Here the authors describe about two models for estimating AOA including the above said fuzzy model. The other model is a white box linear time-varying model. Both these models combined together, gives the estimate of AOA. Authors John Perry and team of University of Florida have presented algorithm for estimation of AOA under high dynamics on small UAVs. The authors have presented the results of high angle of attack flight exhibiting linearity in lateral dynamics and nonlinearity in longitudinal and directional dynamics [5, 6] . The flight dynamics at high angle of attack is very challenging to model. Literature shows that the estimation of AOA and SSA could be done to an accuracy level of within 1.6°a nd 0.8°respectively at a confidence level of 95% [6] . The authors have developed an error model for AOA and SSA which gives us an idea of the variances of the error. Also a number of works related to the estimation of aerodynamic angles are noted from the literature applied to a range of various aircrafts such as F16 [7] , UAVs [6] and small commercial aircrafts [4] . Another factor that one has to consider is the uncertainties in the aircraft parameters due to aircraft manufacturing errors, assembly errors, errors due to prolonged usage of the aircraft, high angle of attack flight attitude and also due to the prop wash effects. Currently we try to address the uncertainties due to manufacturing defects in an MAV.
Towards achieving this objective, an Extended Kalman Filter (EKF) algorithm for estimating the aerodynamic angles in a Mini Aerial Vehicle (MAV) has been implemented. This algorithm uses a pseudo measurement of AOA and SSA in order to arrive at a good estimate. Present work focuses on checking the robustness to the variation in the aircraft parameters that may be resulting due to manufacturing errors, assembly errors and also from prolonged usage of the aircraft, using Monte-Carlo method. The error in the manufacturing of the MAV is propagated in the form of error in the aerodynamic parameters. A flight simulation program has been developed [9] , which runs with number of randomly generated set of aerodynamic parameters during each simulation. The standard deviations in aircraft parameters that are considered for simulation are, 0.1%, 1%, 3%,5%, 7% and 10%. Using this flight simulation program, the true states of the MAV are generated. With few of these true states, a zero mean white Gaussian noise is added as per table 2. These noisy states are used as simulated sensor measurements in the EKF estimation algorithm for estimating the aerodynamic angles. One should note that the estimation algorithm uses the true aerodynamic parameters whereas the flight simulation program uses randomly generated parameters. Figure 1 shows the schematic of the current works. 
PROBLEM FORMULATION
We have considered the general 6-DOF equations of motion of a rigid body aircraft for modeling and simulation of the MAV. The force and moment equations are derived from basic Newtonian Mechanics.
(1)
is the total force vector and 'M' is the total moment vector. 'I' is the inertia tensor of the rigid body. These equations form the main part of the simulation model. 'm' is the mass of the MAV, which is constant in our case. The aerodynamic forces and moments depend upon number of parameters. The aerodynamic characteristics of the MAV are represented using the dimensionless aerodynamic coefficients that are associated with the stability and control derivatives. This results in the complicated nonlinear relation between each variable in the aerodynamic forces and moments. Using these fundamental concepts a MATLAB code has been written for the flight simulation of the MAV.
MAV Aerodynamic Data
The MAV data used in our simulation is of 0.3 kg mass and has a wing span of 0.3 m. The wing area is 0.0618 m 2 . It is a flying wing with control surface as elevon type whose range is ±18°. The aerodynamic coefficients and engine thrust are expressed as follows. 
Sensor Data Simulation
The flight simulation has been carried out for a steady wing level trim condition. The trim algorithm solves the aircraft equations of motion in order to balance the forces and moments. This is achieved by equating the Vdot, alphadot and qdot equations to zero and simplifying them with conditions θ = α, p = 0, q = 0, r = 0 and β = 0. By solving Vdot, alphadot and qdot equations by considering them as simultaneous algebraic equations in α, n and δ e , for a given V, we obtain the trim values of the AOA and the elevator input. The flight simulation is run for this trim condition and the true states of the aircraft are generated. Few of these true states such as V, p, q, r, A x , A y and A z are superimposed with a zero mean white Gaussian noise, with specific standard deviations. This is done in order to simulate noisy sensor measurement, which may be used for the estimation of the aerodynamic angles and a typical simulated sensor data is shown in figure 2 . The coming sections explain briefly the multi-stage estimation scheme and the results are discussed with respect to MAV true states. Table 2 provides the details about the standard deviation of the sensor noise that are assumed for simulating the sensor data.
Attitude Estimation
The first step (flight simulation) of our algorithm gives the true states of the aircraft. For the estimation of attitude angles, we generate the accelerometer measurements through the flight simulation. The outputs of the accelerometer along the body axes at the center of gravity, usually called as the specific forces, are equal to the kinematics body accelerations minus the gravity terms.The specific forces are taken from the flight simulation and a zero mean, white noise signal as given in table 2 is added. This provides us the data similar to real accelerometer measurements. An Extended Kalman Filter (EKF) estimation algorithm as given in the reference 8 for the estimation of the attitude angles has been implemented, which fuses V, p, q, r, and the accelerometer outputs A x , A y and A z . The estimated Euler angles are used in the aerodynamic angles estimation in the second stage of the algorithm.
Estimation of Aerodynamic Angles
The simulated sensor data and the estimated attitude angles are used in the EKF algorithm to estimate the aerodynamic angles. An EKF algorithm has been implemented, considering state vector and a measurement vector as mentioned below.
The nonlinear system equation is represented as, Where,
Here, x is the state vector, u is the input vector and w g is the disturbance vector such as wind gust and t is the time. The state vector is defined as follows:
The system equations are given by the following equations Here, "y" is the measurement vector used in the EKF. The estimated Aerodynamic Angles by this method exhibit a bias in the estimation. This increases the mean error and standard deviation of the estimated aerodynamic angles. Figure 3 shows the estimation bias present in the AOA and SSA when the measurement vector is as quoted above in equation (22). The figure also shows the estimation bias when measurement noise is not there and when it is presents. In both the cases, AOA exhibits a large bias. To reduce this bias, an assumption of has been made and a pseudo measurement of AOA and SSA are derived. Pseudo Measurement (PM) is a simple method of finding the AOA and SSA using Newton Raphson Solver. This method is explained in the next section using which the estimation bias has been reduced. 
Newton-Raphson Solver
To overcome the estimation bias as well as the huge oscillations present in the estimated AOA and SSA respectively, we propose to bring a pseudo measurement of AOA and SSA to the EKF algorithm. This methodology reduces the mean error and is below 1°. The proposed methodology of pseudo measurement for AOA and SSA is briefly explained below. The system equations that are used in the Newton Raphson Solver are eqns (15) and (16). These equations are approximated with α . ≈q and β . ≈ −r cos α the eqns (15) and (16) are rewritten as, Here, TC 1 and TC 2 are tuning constants and ∆t is the time step. These tuning parameters are obtained for which the mean error and standard deviation of the error are minimum. These estimates are passed through a Low Pass Filter in order to remove the high frequency noise present in it. This information is used as pseudo measurements in the EKF to estimate the aerodynamic angles. Eqns (25) and (26) will capture both dynamic and steady state of AOA and SSA.
Estimation of Angle of Attack [10]
The EKF estimation algorithm aided with the pseudo measurements of AOA and SSA now exhibits good estimates in terms of mean estimation error and standard deviation. Table 3 shows the error statistics of the estimation algorithm with and without the pseudo measurements of AOA and SSA. The mean error in the AOA estimate is found to be less than 1°. Similarly the mean error in the SSA estimate also stands around 1°. The standard deviation of the error comes out to be 1°to 2°. Figure 4 shows the results of variation in AOA and figure 5 shows the variation in SSA and their corresponding error for an elevator and aileron impulse disturbance of same magnitude for 0.2 seconds respectively. The transient period is from t = 2 to 2.2 seconds. 
MONTE-CARLO SIMULATION OF THE ESTIMATION ALGORITHM
The estimation of aerodynamic angles depends upon the aerodynamic and engine parameters as shown in eqns (3) to (9) . Due to manufacturing errors, assembly errors and prolonged usage of the aircraft, the parameters deviate from their expected values. In this paper we study the robustness of the proposed pseudo-measurement fusion algorithm to the uncertainties in the aircraft parameters. The deviations in the parameters are brought into the flight simulation through a subprogram which creates a vector of uncertain parameters, randomly generated around the nominal value of the true aircraft parameters generated through wind tunnel tests. Currently we have attempted the flight simulation for a various standard deviations of the parameters ranging from 0.1% to 10%. The number of simulations considered for each variation in the standard deviation of the aircraft parameters is 100 for the air speeds ranging from 6m/s to 15m/s in steps of 1m/s. The minimum air speed of 6m/s corresponds to an AOA of 0.42 rad (24°) and the maximum air speed of 15m/s corresponds to 0.1 rad (5.75°) for the true aircraft parameters for a level flight trim. But the variation in the aircraft parameters result in different trim AOA values for each flight simulation. It is desired that the estimation algorithm should be able to withstand these differences and provide a good estimate of the aerodynamic angles. Figure  6 shows the various trim AOA values for a 0.1% variation in the aircraft parameters in the range of air speeds considered. It is noticed that the high AOA region at an airspeed of 6m/s is highly affected by a smaller deviation of 0.1% in the aircraft parameters and the trim AOA values range from 0.4 rad to a minimum of 0.23 rad, whereas the low AOA region at an air speed of 15m/s, the trim values of AOA lie nearer to the nominal values and the deviations are considerably less. This poses a greater challenge to the estimation algorithm in the high AOA region with respect to its robustness.
Results and Discussion
The results are analyzed for 100 numbers of simulations for air speeds from 15m/s to 6m/s in steps of 1m/s and for variations in the standard deviation as 0.1%, 1%, 3%, 5%, 7% and 10% in the aircraft parameters. Here the results are shown for airspeeds of 6m/s, 9m/s, 12m/s and 15m/s corresponding to 0.1% SD, 5% SD and 10 SD in aircraft parameters. This fetches us around 6000 simulations and their corresponding results for the entire range of air speeds and standard deviations considered.
The results show that in the high AOA region, large deviations in the aircraft parameters affect the flight simulation largely. At 6 m/s, large deviation in the aircraft parameters results in unsuccessful flights due to lack of trim solution for that particular set of randomly generated parameters. There is a limitation on the minimum air speed for higher standard deviations in the aircraft parameters. Figure 7 depicts the minimum air speed with which successful flight simulation could be carried out for different standard deviations in the parameters. With increase in the SD in aircraft parameters, the operating airspeed range reduces. That is, if the SD in aircraft parameters are as high as 10%, the flight simulation could only be started from an airspeed of 9m/s. The main reason for unsuccessful flight simulation is that the trim algorithm is unable to converge at a solution for higher standard deviations from the nominal values. This is due to the fact that the elevator deflection range exceeds the maximum limit in the high AOA region. This results in the flight not being in steady trim condition. Figure 8 gives an idea of the number of successful simulations possible with respect to the variation in the velocity as well as the standard deviations in the parameters. It is clear that the lower air speed region exhibits the problem of not trimming due to the high nonlinearity present in the MAV parameters. To capture the aerodynamics of the MAV, a fourth order fit for the coefficient of lift has been used from the wind tunnel data and this amounts to the nonlinearity and very sensitive to the parameter variations during high AOA flight conditions. Similarly in the lower AOA region where the airspeed is high, the system becomes unstable for few sets of randomly generated aircraft parameters. This is observed due to the coefficient of pitching moment taking a positive value and the system becomes BIBO unstable, which may be due to the way in which curve fitting has been done. This makes our operating range as 6 m/s to 15 m/s with respect to the air speed 
Robustness of the Estimation Algorithm
Having performed the simulations, the robustness of the estimation algorithm has been studied from the results. The mean and the standard deviation of the error in both AOA and SSA are found by combining the mean for each simulation. After running n number of simulations, we now have a set of n mean values and standard deviations of AOA error and SSA error. These means and standard deviations are combined using the sample-based statistics method. Standard deviations of non-overlapping, subsamples can be aggregated as follows if the actual size and means of each are known. It should be noted that the number of unsuccessful flight simulation in the lower air speed region are very high. But whenever the flight simulation is successful, the estimation algorithm provides good estimates of AOA and SSA. This is evident from the figure that even in the lower air speed region the maximum standard deviation of the estimation error is around 1.5°. Thus the estimation algorithm stands robust provided the flight simulation is successful.
Another aspect of importance is the statistics of the estimated AOA and SSA during the transient period. Table 4 depicts the error statistics in the estimated AOA and SSA during the transient period at minimum and maximum air speeds. It is noticed that the peak error in AOA stands around up to 6°, whereas in SSA, it is up to 4°. Though the mean error is lesser than 1°in both AOA and SSA, the peak error is one of the concerns that has to be looked into for further reduction. Apart from the robustness study, the minimum number of simulations required for achieving a confidence level of 95% on the mean estimation error to be less than 1°and 0.25°are checked. It is known that the mean values of the individual sample will be a good estimator of θ α and θ β when σ α / n 1 ⁄ 2 and σ β / n 1 ⁄ 2 are small. Applying central limit theorem,
Where, Z is a standard normal.
(30)
Here, Φ α is the standard normal distribution function. When c is 1.96, the probability of the sample mean differing from θ α by more than is approximately 0.05. Using this method, the minimum number of simulations required for achieving a particular error statistics is found. Figure 11 shows the variation in the condition in the AOA estimation with respect to the number of simulations carried out. This variation is shown is found that it approaches zero mean error asymptotically. Figure 12 shows the similar variation in the SSA estimation. The cumulative standard deviation of the estimation error is used to check the condition < 1, for the desired standard deviation of the error is less than 1°and < 0.25 for the error to be less than 0.25°. Figure 9 and figure 10 show the variation in the cumulative standard deviation of the estimation error in AOA and SSA respectively at 9 m/s air speed for various parametric standard deviations. It can be derived that the number of simulations required for achieving 95% confidence level towards the estimation error in AOA to be less than 1°is around 5. This shows that the estimation algorithm is robust. Even in the lower velocity region the same robustness is achievable provided the flight simulation is successful. Similarly for 0.25°accuracy in AOA estimation, the number of simulations required is around 45. With regard to the SSA estimation, the error standard deviation always stays less than 1°. If further more accurate estimation is required, more number of simulations should be run and analyzed.
CONCLUSION
In this paper a fusion and estimation algorithm has been presented for AOA and SSA. The accuracy of the estimated AOA and SSA are found satisfactorily good even for the high AOA region. The estimation algorithm, which has been developed with nominal set of aircraft parameters, is tested for robustness with variations in the aircraft parameters using Monte Carlo method. The results show that large error in the aircraft parameters due to manufacturing/assembly/prolonged use would result in the reduction of operating range of air speed. The peak error during the transient period is found close to 6°. Further investigations are being performed in order to reduce this peak error.
